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Introduction
Open questions

1 What is the relationship between an ecosystem’s biodiversity and its
stability? → May’s stability criterion

2 How many species can compete for the same resources? →
Competitive exclusion principle
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Introduction
May’s stability criterion

The first theoretical criterion for ecosystem stability was introduced by
May in 1972.
Main result
Building a very simple model of ecosystem governed only by stochasticity
and characterized by its biodiversity, i.e. the number m of species
present, the system will be stable only if

Σ
√
mC < d (1)

with Σ, C and d parameters of the model that describe the inter-specific
interactions (contained in the community matrix).

Problem
Biodiversity brings instability, but observations suggest the opposite!
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Introduction
May’s stability criterion

A more general formulation
It is possible to generalize May’s simple model in order to make it more
realistic. In the end the stability criterion can be written as

max
{√

mV (1 + ρ)− E , (m − 1)E
}
< d , (2)

where again V , E , ρ and d are again parameters of the community
matrix.
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Introduction
Competitive exclusion principle3
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It is violated in many cases: paradox of the plankton.



The PTW model

Recently, Posfai et al. have proposed a model that exhibits interesting
properites.

ṅσ = nσ

( p∑
i=1

ασi ri (ci )− δ
)

(3a)

ċi = si −

( m∑
σ=1

nσασi

)
ri (ci )− µici (3b)

Assumptions:
1 µi = 0
2 ċi = 0, so ri (ci )→ ri (~n)
3
∑p

i=1 ασi = E ∀σ
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a function of its density,

e.g. ri (ci ) = ci
1+ci



The PTW model
Recently, Posfai et al. have proposed a model4 that exhibits interesting
properites.
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ṅσ = nσ

( p∑
i=1

ασi ri (ci )− δ
)

(3a)
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The PTW model

Main result
The system will reach a stationary state where an arbitrary number of
species can coexist if

E
S
~s =

m∑
σ=1

n∗σ~ασ with
m∑
σ=1

n∗σ = 1, S =
p∑

i=1
si , (4)

has a positive solution n∗σ > 0. This means that coexistence is possible if
~sE/S belongs to the convex hull of the metabolic strategies.

Important remark
The number of coexisting species is arbitrary, so we can also have m > p:
the competitive exclusion principle can be violated.
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The PTW model
Limitations

No complete information on the stability of the steady state

The metabolic strategies are fixed in time

All species have the same death rate δ and energy budget E
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Advancements on the PTW model
Stability of the steady state

Is May’s stability criterion satisfied when all species coexist?

1
d max

{√
mV (1 + ρ)− E , (m − 1)E

}
< 1 (5)

1 Let the system evolve until a steady state is reached
2 Compute the community matrix at stationarity:

M = −DASAT (6)

with
D = diag(n∗1 , . . . , n∗m) A = (ασi )σ∈{1,...,m}

i∈{1,...,p}
S = diag(1/s1, . . . , 1/sp)

(7)

3 Compute max{
√
mV (1 + ρ)− E , (m − 1)E}/d and compare with 1
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Is the steady state marginally stable?

Result
M is negative semidefinite
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Advancements on the PTW model
Metabolic byproducts’ exploitation

Bacteria are capable of surviving using each other’s metabolic byproduct,
even when no other nutrient is supplied.

Can we reproduced this in the PTW model?

ṅσ = nσ

( p∑
i=1

ασi ri (ci )− δ
)

(8a)

ċi = si −

( m∑
σ=1

nσασi

)
ri (ci )+

m∑
σ=1

nσMσi − µici (8b)
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Advancements on the PTW model
Metabolic byproducts’ exploitation

Main result
The coexistence of an arbitrary number of species is possible if

m∑
σ=1

n∗σ
(
~ασ −

E
δ
~Mσ

)
= ~s with

m∑
σ=1

n∗σ = 1 , (9)

If ~s 6= 0 we have F :=
∑

i Mσi < δ.
If ~s = 0 we have F = δ, and the total population of the system is fixed.

Energy conservation
In general we have F ≤ δ, but also δ <

∑
i ασi = E (otherwise no species

will ever be able to survive). Therefore F < E : energy is conserved!
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Advancements on the PTW model
Metabolic byproducts’ exploitation with degradation
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Conclusions

The competitive exclusion principle can be violated, but the price to
pay is that the resulting steady state is only marginally stable

Introducing metabolic byproducts’ exploitation, coexistence can
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May’s stability criterion

In general we can model an ecosystem of m species as a system of m
coupled differential equations:

ṅσ = fσ(~n(t)) . (1)

Obviously at equilibrium we have

ṅσ(~n∗) = fσ(~n∗) = 0 , (2)

and the properties of the equilibrium are given by the spectral distribution
of the jacobian matrixM:

Mρσ = ∂fρ
∂nσ |~n∗

. (3)

Of course, the system is stable if all the eigenvalues ofM have negative
real part.
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May’s stability criterion

Problem
Depending on the chosen fσ, i.e. depending on the particular model
chosen, the properties of the equilibrium can change.

May’s solution
We completely skip the derivation ofM from fσ, and we directly build
M as a properly defined random matrix: we are thus assuming that
interactions between species at stationarity are random, so the ecosystem
will be characterized only by its biodiversity, i.e. the number m of species
that are living in it.
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May’s stability criterion

The community matrixM must have the following properties:
The elements on the diagonal must be negative, i.e.
Mσσ = −d < 0 (every species goes to extinction if “left by itself”)
Since experimentally we observe that interactions between species
are not numerous, the off-diagonal elements are set to zero with
probability 1− C and drawn from any distribution with null mean
and variance Σ2 with probability C

Problem
What is the spectral distribution of such a matrix? When does it have
only eigenvalues with negative real part?
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May’s stability criterion
We have to use a slightly modified version of the

Circular law
LetM be an m ×m matrix whose entries (included the diagonal ones)
are iid random variables whose distribution has null mean and unit
variance. Then the empirical spectral distribution

µm(x , y) = #{σ ≤ m : Re(λσ) ≤ x , Im(λσ) ≤ y} (4)

of the eigenvalues λ1, . . . , λm ofM/
√
m tends in the limit m→∞ to a

uniform distribution on the unit disk centered at the origin of the
complex plane.

Important
Note that this is a universal result: the limit of the spectral distribution
does not depend on the particular distribution from which we have drawn
the entries ofM, as long as it has null mean and unit variance.
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May’s stability criterion
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May’s stability criterion

In our case of interest we draw all the off-diagonal elements from a
distribution with null mean and variance Σ2, and all the diagonal
elements are set to −d < 0. What does this change?

1 The spectral radius ofM tends to
√
m as m→∞

2 A matrix with Σ 6= 1 can be obtained from one with Σ = 1
multiplying its entry by Σ; this way the spectral radius in the limit
m→∞ tends to Σ

√
m

3 The introduction of the probability C reduces the variance from Σ2

to CΣ2, so the spectral radius tends to Σ
√
mC when m→∞

4 Setting the diagonal entries equal to −d < 0 moves the disk to the
left, so that it is centered in (−d , 0):

A ∈ Mn, B = A− dI ⇒

{
det(λAI−A) = 0 λAi
det(λBI− B) = 0 λBi

⇒

⇒ det[(λBi + d)I−A] = 0 ⇒ λBi = λAi (5)
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May’s stability criterion
Remark
What happens if the diagonal elements instead of being set equal to a
number are in turn drawn from a distribution with variance Σ2

d?
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off-diagonal ones from captions.
Therefore, circular law is still valid if Σd . Σ (in our case Σd = 0).
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May’s stability criterion

Therefore, in the limit m→∞ the empirical spectral distribution ofM
tends to a uniform distribution over a disk centered in (−d , 0) and with
radius Σ

√
mC .

This means that the largest real part that an eigevanlue can have is
≈ Σ
√
mC − d , which will be negative if

Σ
√
mC < d . (6)

Thus, once d , Σ and C (the properties of the ecosystem) are fixed, the
system becomes unstable if m > m := d2/CΣ2!

This means that from the simplest model we can make (i.e. one only
regulated by stochasticity and characterized by the system’s biodiversity)
we have that biodiversity makes a system unstable, contrarily to what
can be experimentally observed.
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May’s stability criterion
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Generalization of May’s stability criterion

What happens if the distribution from which we draw the off-diagonal
elements (with probability C) has mean µ 6= 0 and variance Σ2?

The mean of the off-diagonal elements is no longer null, but equal to
E = Cµ
The row sum have all the same mean value:

E

[ m∑
τ=1
Mστ

]
= E

Mσσ +
∑
τ 6=σ
M

 =

= −d +
∑
σ 6=τ
Mστ = −d + (m − 1)E . (7)

For m→∞ it is highly probable that one of the eigenvalues ofM is equal to
−d + (m − 1)E , so depending on how large is µ this single eigenvalue can lie
very far from the bulk (which continues to behave as usual).
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Generalization of May’s stability criterion

The center of the disk is further translated. In fact, calling D the
new real part of the center of the disk, requiring that the average of
all the real parts is still −d we have

(m − 1)D− d + (m − 1)E
m = −d ⇒ D = −d − E . (8)

The variance of the off-diagonal elements is now

V = Var[Mστ ] = C [Σ2 + (1− C)µ] (9)

If µ is sufficiently large the eigenvalue −d + (m − 1)E can lie outside of
the disk, so in this case the larges real part for an eigenvalue is
−dè(m − 1)E ; if µ is sufficiently large, on the other hand, the maximum
real part is −(d + E) +

√
mV . The stability criterion can therefore be

written as:
max{

√
mV − E , (m − 1)E} < d . (10)
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Generalization of May’s stability criterion
Further problem
In general it is not true thatMστ andMτσ are uncorrelated: if σ is a
prey and τ a predator,Mστ < 0 andMτσ > 0. What happens then if
the off-diagonal elements, and in particular the symmetric couples
(Mστ ,Mτσ) have a non-null correlation ρ?

We have to use a slightly modified version of the

Elliptic law
LetM be an m ×m whose off-diagonal coefficients are sampled
independently in pairs from a bivariate distribution with zero marginal
mean, unit marginal variance and correlation ρ. Then, the empirical
spectral distribution of the eigenvalues λ1, . . . , λm ofM/

√
m converges

in the limit m→∞ to the uniform distribution on an ellipse in the
complex plane centered at (0, 0), with horizontal semi-axis of length
1 + ρ and vertical semi-axis of length 1− ρ.
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Generalization of May’s stability criterion
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Generalization of May’s stability criterion

In our case, setting:
the diagonal elements equal to −d < 0
the pairs (Mστ ,Mτσ) with σ 6= τ equal to (0, 0) with probability
1− C and drawing them with probability C from a bivariate
distribution with mean and covariance matrix

~µ =
(
µ
µ

)
Σ̂ =

(
Σ2 ρΣ2

ρΣ2 Σ2

)
, (11)

we find the same results as before, with the difference that now the larges
real part of the bulk is ≈ −(d + E) +

√
mV (1 + ρ). Therefore May’s

stability criterion can now be written as:

max
{√

mV (1 + ρ)− E , (m − 1)E
}
< d . (12)
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The PTW model

The original equations of the system are

ṅσ = nσ (gσ(c1, . . . , cp)− δ) gσ(c1, . . . , cp) =
p∑

i=1
viασi ri (ci ) (13a)

ċi = si −

( m∑
σ=1

nσασi

)
ri (ci )− µici (13b)

with vi the “value” of resource i , and the fundamental assumptions that
we make are:

µi = 0 ∀i , i.e. there is no degradation
ċi = 0 ∀i , i.e. the resource concentration immediately reach their
steady-state values (metabolic processes are generally much faster
then reproductive ones).∑p

i=1 wiασi = E , with wi the “cost” of resource i
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The PTW model

From our first two assumptions we have

ri = si∑
τ nτατ i

, (14)

and introducing the rescaled quantities

α̃σi := ασi
wi
E s̃i := visi (15)

(so that
∑

i α̃σi = 1), we have:

gσ(~n) =
p∑

i=1
viασi

si∑
τ nτατ i

=
p∑

i=1
α̃σi

s̃i∑
τ nτ α̃τ i

= g̃σ(~n) . (16)
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The PTW model
Rescaling also populations and time

ñσ = nσ
δ∑
i s̃i

t̃ = δt (17)

the equation for the populations can be rewritten as:

dñσ
dt̃ = ñσ

( p∑
i=1

α̃σi
s̃i∑

τ ñτ α̃τ i
· 1∑

j s̃j
− 1
)
. (18)

Redefining now s̃i as s̃i = s̃oldi /
∑

j s̃oldj (so that
∑

i s̃i = 1) and removing
tildes, the populations’ equations become:

ṅσ = nσ

( p∑
i=1

ασi
si∑

τ nτατ
− 1
)
. (19)

This is equivalent to setting E ,S, δ, vi ,wi = 1 in the original equations.
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Coexistence of speices

We start from

ṅσ = nσ
( p∑

i=1
ασi

si∑
τ nτατ︸ ︷︷ ︸

gσ(~n)

−1
)
, (20)

and notice that summing on both sides over σ we obtain ṅtot = 1− ntot,
and so n∗tot = 1.
Setting ṅσ = 0 with nσ 6= 0 e have

gσ(~n) = 1 ∀σ ⇒
p∑

i=1
ασi ri = 1 ∀σ (21)
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Coexistence of speices
This is a system of linear equations:

α11r1 + · · ·+ α1prp = 1
...

αm1r1 + · · ·+ αmprp = 1
(22)

Important
If we don’t make any furhter assumption, this system of equations can be
solved only when m ≤ p, so the competitive exclusion principle holds.

Even more important
If we introduce the metabolic trade-off hypothesis

∑
i ασi = 1, the system

will always admit the nontrivial solution r∗i = 1 ∀i , even when m > p!
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Coexistence of species

From ri = si/
∑
τ nτατ i it is possible to have r∗i = 1 ∀i if the system

n1α11 + · · · nmαm1 = s1
...

n1α1p + · · · nmαmp = sp

(23)

has a positive solution. In symbols, coexistence is possible if:{
n∗1 , . . . , n∗m > 0,

m∑
σ=1

n∗σ = 1 : n∗1~α1 + · · ·+ n∗m~αm = ~s
}
6= ∅ . (24)

Geometrically, this means that ~s must belong to the convex hull of the
metabolic strategies ασi .
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Stability of the steady state
Starting from the equations of the system

ṅσ = nσ(gσ(~n)− 1) gσ(~n) =
p∑

i=1
ασi ri (25)

and writing ~n = ~n∗ + ∆~n with ~n∗ steay state, performing a Taylor
expansion to the first order we get:

d
dt ∆nσ = n∗σ

( m∑
τ=1

∂gσ
∂nτ

(~n∗)∆nτ

)
, (26)

where

∂gσ
∂nτ

(~n∗) = −
p∑

i=1
ασi

si(∑
ρ nραρi

)2ατ i = −
p∑

i=1
ασiατ i

r∗i
2

si
= −

p∑
i=1

ασiατ i
si

(27)
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Stability of the steady state

We can therefore write
d
dt ∆~n =M∆~n , (28)

where

M = −DM D =


n∗1 0 · · · 0
0 n∗2 · · · 0
...

...
. . .

...
0 · · · 0 n∗m

 Mστ = −
p∑

i=1

ασiατ i
si

.

(29)
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Stability of the steady state

In order to show that ~n∗ is an equilibrium, we need to show thatM is
negative definite, i.e. DM is positive definite.
In order to do that we first notice that since D is invertible we can
perform the following similarity transformation:

DM −→ D−1/2(DM )D1/2 = D1/2MD1/2 , (30)

which of course does not alter the eigenvalue of the matrix.
Now, given any non-null vector ~v we have:

~v ·D1/2MD1/2~v =
p∑

j,k=1

m∑
σ,τ=1

vjD1/2
jσ MστD1/2

τk vk =
p∑

i=1

m∑
σ,τ=1

vσ
√

n∗σ
ασiατ i

si
vτ
√

n∗τ =

=
p∑

i=1

1
si

( m∑
σ=1

vσ
√
n∗σασi

)( m∑
τ=1

vτ
√
n∗τατ i

)
=

p∑
i=1

( m∑
σ=1

vσ
√n∗σασi√si

)2

≥ 0 .

(31)
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Stability of the steady state
However, we can say something more.
First of all, we note that introducing the matrix

S =


1/s1 0 · · · 0
0 1/s2 · · · 0
...

...
. . .

...
0 · · · 0 1/sp

 (32)

the community matrixM can be written as

M = −DASAT . (33)

We can now proof that rkM = min{m, p} using the following known
results:

rk(AB) ≤ min{rkA, rkB} rk(AB) ≥ rkA+ rkB − n , (34)

where A ∈ Mm,n, B ∈ Mn,k and m, n, k any integer.
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Stability of the steady state

Let us suppose m > p; considering that

D ∈ Mm A ∈ Mm,p S ∈ Mp (35)

then:{
rk(DA) ≤ min {rk D, rk A} = min {m, p} = p
rk(DA) ≥ rk D + rk A−m = m + p −m = p

⇒ rk(DA) = p , (36){
rk(SAT ) ≤ min {rk S, rk A} = min {p, p} = p
rk(SAT ) ≥ rk S + rk A− p = p + p − p = p

⇒ rk(SAT ) = p , (37)

and so:{
rkM≤ min

{
rk(DA), rk(SAT )

}
= min {p, p} = p

rkM≥ rk(DA) + rk(SAT )− p = p + p − p = p
⇒ rkM = p . (38)

In the same way we can proof that rkM = m when m < p.
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Stability of the steady state

Since for m > p we have rkM = p, the community matrix is rank
deficient and has m − p null eigenvalues. This means that the steady
state of the system is only marginally stable.

In fact, we have seen that coexistence is possible if

~s = n∗1~α1 + · · ·+ n∗m~αm (39)

admits a positive solution with
∑
σ n∗σ = 1. However, this is a system of

p equations in m unknowns, so when m > p it’s underdetermined and as
such there are infinite solutions. Therefore, if the system is in a steady
state and is perturbed, it will relax to one of these infinitely many
possible equilibriums.

If m ≤ p the community matrixM has full rank, so there are no null
eigenvalues and the equilibrium is asymptotically stable.
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Relationship with May’s stability criterion

The most general form of May’s stability criterion can be rewritten as:

1
d max

{√
mV (1 + ρ)− E , (m − 1)E

}
< 1 . (40)

In order to see if the PTW model satisfies it, we have:
1 Set a system in the condition for coexistence and let it evolve until

stationarity is reached
2 Computed the community matrix asM = −DASAT

3 Computed d = E[Mσσ]
4 Computed E = E[Mστ ] and V = Var[Mστ ] with σ 6= τ

5 Computed ρ = (E[MστMτσ]− E2)/V
6 Computed the left hand side of (40) and compared it with one
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